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Axial dispersion coefficients have been measured in single-phase flow conditions 
in a 5.08-cm-dia. reciprocating plate extraction column. The measurements were 
done under steady-state conditions by analyzing temperature pro files (for hot and 
cold water mixing) and concentration profiles (for mixing of water and salt solu- 
tions). The results confirm previous published data of Holmes et al. (1991) in 
showing that axial dispersion is increased strongly in the unstable situation, where 
liquid density increases with height. The earlier work is extended to the condition 
where buoyant energy dissipation is exceeded by mechanical energy dissipation by 
four orders of magnitude. Even in this case, axial mixing is increased significantly 
by density gradient-induced instability. Results have been correlated by a simple 
equation based on a mixing length model. 

Introduction 
Axial mixing must be taken into account in designing coun- 

tercurrent contactors, when the superficial-phase velocities are 
low, as in the case of solvent extraction. The review by Pratt 
and Baird (1983) summarizes the methods of calculating the 
axial mixing effects on the effective height of a transfer unit. 
The principal factors determining the value of the axial dis- 
persion coefficient under given conditions include the flow 
rates of each phase, the design of the column internals, and 
the level of agitation employed. Another important factor is 
“hydraulic nonuniformity,” which was first discussed in detail 
by Rosen and Krylov (1974) and is known to increase strongly 
with the diameter of the column employed. 

Holmes et al. (1991) have examined the effect of an adverse 
(unstable) axial density gradient on axial dispersion coefficients 
in a 7.62-cm-dia. reciprocating plate column of the type de- 
veloped originally by Karr (1959). The experiments were carried 
out under steady-state conditions, with a dense calcium chlo- 
ride solution injected at the top of the column, while pure 
water was fed to the bottom of the column. The downward 
back-mixing of the calcium chloride was measured by taking 
samples at different points in the column. 

It was found (Holmes et al., 1991) that all data could be 
correlated empirically in terms of the specific energy dissipation 
rates, expressed in W/kg (SI units) or c ~ ~ - s - ~  units, which 
are equivalent to times the SI unit dissipation rate. 

The units in Eq. 1 are in the centimeter and second system, 
so that E can be expressed as cm2/s. The buoyant dissipation 
term eb is calculated from the local difference between the 
density of the solution and that of pure water. 

The specific energy dissipation rate due to mechanical agitation 
is calculated (Hafez and Baird, 1978) from the agitation stroke 
and frequency as follows. 

(3) 

The total specific energy dissipation is thus 

Equation 1 was found to fit the extensive data of Holmes et 
al. (1991) with a standard deviation of 17.9%. The equation 
indicates that axial mixing is reduced by agitation and the effect 
was attributed to a reduction in the mixing length due to a 
reduction in the turbulence scale, as agitation was increased. 
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Two limiting cases 

becomes simply 
In the absence of any plate agitation, E ,  = 0 and Eq. 1 

E, = 9.52~:'~~ ( 5 )  

That relationship was confirmed by Holmes et al. (1991), with 
E, in the range 12 to 58 cm2/s depending on the value of Eb. 

The second limiting case is the one in which buoyancy effects 
are negligible. That case was not examined by Holmes et al. 
who considered only data for which the density difference 
exceeded 0.01 g/mL. In the limiting case of A p  = 0 and hence 
f b  = 0,  it would appear from Eq. 1 that E = 0. However, 
typical observed values of E in the absence of buoyancy effects 
are in the order 1 to 3 cm2/s, as noted previously by Kim and 
Baird (1976) and by Hafez et al. (1979). 

It is the purpose of this study to provide data on the effects 
of extremely low unstable density differences and to develop 
an amended correlation that is consistent both with the work 
of Holmes et al. (1991) and with earlier data on axial mixing 
in the absence of any buoyancy effects. This is achieved by 
using hot and cold water, which have an extremely small, but 
well-documented, density variation; some data have also been 
obtained with dilute sodium chloride solutions as tracers. 

Experimental Studies 
Systems investigated 

Figure 1 shows the density of water as a function of tem- 
perature (Perry et al., 1984). In this work, the temperature 
range for hot/cold water was approximately 20°C to 70°C 
providing a maximum variation of density of 0.02 g/mL. It 
is important to note that density is not a linear function of 
temperature over this range; special calculation techniques are 
required for the buoyant energy dissipation, as will be discussed 

Ternoerature. O C  

NaCl concn., g/L 

Figure 1. Densityltemperature for water and density/ 
composition plot (20%) for aqueous sodium 
chloride solutions. 

Figure 2. Reciprocating plate column and ancillaries for 
hotlcold water mixing tests. 
CTB = constant temperature bath NV = needle valve 

D = distributor R = rotameter 
M = driver motor OF = civerflow 

Th = thermometer 
Dimensions are in mm. 

Vl-V5 = (ample points 
V = \alve 

later. In the case of sodium chloride/water solutions (Figure 
l), the density is linearly proportional to salt concentration. 
The maximum variation of density wa:j 0.11 g/inL. 

Equipment 
Figure 2 shows the 5.08-cm-ID reciprocating plate column 

and ancillaries. The column was of flanged glass sections with 
total height 2.3 m. It contained a central1 drive shaft supporting 
a stack (height 1.146 m) of stainless steel plates mounted at 
intervals h of either 2.7 cm or 5.2 cm. Each plate was provided 
with 12.7-mm holes and had a fractional open area of 0.57. 
The plate stack was driven from above by a variable-speed 
electric motor coupled by a yoke; the stroke A was set at either 
1.8 cm or 2.8 cm for hot/cold water and at 2.9 cm for salt 
solutions. The frequency could be set between 0 and 5 Hz. 

The mixing was carried out with a denser liquid near the 
top of the stack, while the lighter liquild was injected beneath 
the stack and rose up through it at a superficial velodity U. 
Figure 2 shows the arrangement with hot water entering the 
bottom and mixing at the top of the column with an excess of 
cold water, before leaving via an overflow. The analogous 
arrangement with sodium chloride solution at the top and pure 
water at the bottom is not shown here, but was similar to that 
described by Holmes et al. (1991) for calcium chloride. 

In the case of hot/cold water, it was important to avoid heat 
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Figure 3. Typical temperature profiles. 
U=0.204cm/s, h=5.2 cm 
Af ( c d s ) :  0 2.91 11.5 
Data point symbol: o A 

losses from the column, which was therefore insulated. The 
hot water was fed from a tank at about 80°C, but entered the 
column at about 75°C. Superficial velocities of between 0.15 
and 0.3 cm/s were employed. Cold water entered near the top 
of the plate stack slightly below ambient temperature. It was 
fed at a flow at least five times greater than that of the hot 
water, so that the temperature of the mixed overflow at OF 
(Figure 2) was between 20°C and 25°C. The temperatures were 
measured for liquid sampled at five different points VI through 
V5 as shown in Figure 2. Hence, the temperature profile along 
the plate stack (points V l  to V4) could be plotted. The tem- 
perature at V5 provided a boundary condition for the water 
at the base of the column. 

Data Processing 
Figure 3 shows a typical set of temperature profiles in the 

absence of agitation, at three different agitation levels. It is 
apparent that the temperature gradient is the greatest at the 
top of the stack where the cold water flow is maintained. To 
convert this data to values of the axial dispersion coefficient, 
a mixing process is considered between the cold liquid at the 
top of the column (temperature T,) and the hot liquid entering 
at the base of the column, sampled at point V5 on Figure 2 
(temperature T2). The conditions are shown in Figure 4. The 
mass fraction of cold liquid at any axial position beneath the 
top of the column (z < 0) can be related to the mixture tem- 

z = o  

z< 0 

COLD 
WATER - ------ 

DISPERSION 
- - -  

CONVECTIVE 
TRANSFOR- 

// 

7 OVERFLOW 

T =Ti 

- temp. 
T 

. 
\ 

T=T2 

1 HOT WATER 

Figure 4. Basis of Eq. 7b. 

perature assuming adiabatic conditions and constant specific 
heats: 

The net axial transport of cold liquid is zero; upward convec- 
tion is balanced by downward dispersion under the influence 
of the density difference. The steady-state conservation equa- 
tion for a tracer solute is: 

dc 
dz 

O = U C - E -  

where U is the superficial velocity of the liquid entering the 
column. This form applies for the mixing of a soluble salt, for 
example, sodium chloride in this work or calcium chloride in 
the work of Holmes et al. (1991). In the case of the cold water 
mixing back into the hot water, the conservation equation can 
be written analogously, assuming adiabatic conditions. 

dx 
dz 

O = U X - E -  

It should be noted that the thermal diffusivity of water 

AIChE Journal July 1991 Vol. 37, No. 7 1021 



( 1 . 4 ~  lo--’ cm2/s) is several orders of magnitude smaller than 
the values of E being measured. It is assumed here that the 
superficial velocity at any point in the plate stack is unaffected 
by the density changes; this assumption is reasonable in this 
work involving very small density changes in the order of 1 Yo. 
In the previous work (Holmes et al., 1991), a small correction 
had been needed because density changes up to 20% occurred. 
A rearrangement of Eq. 7a gives: 

dc 
dz 

E =  UC/- 

This may also be written in terms of temperature by substituting 
for x from Eq. 6 into Eq. 7b and rearranging: 

The accuracy of the value of E is limited mainly by the accuracy 
with which the local temperature gradient can be estimated 
from the measured profiles as in Figure 3. 

Results 
A typical set of values of E obtained from the temperature 

profiles with hot/cold water is given in Figure 5. The values 
in the absence of agitation show a general downward trend 
toward the right of the plot, which corresponds to the lower 
sections of the column. In these sections, the temperature pro- 
files become flatter (Figure 3), and so the density gradients 
decrease, leading to reduced axial mixing. However, it is also 
seen that at the top of the column ( z  = 0), the value of E 
appears to be slightly reduced in some cases. Here, the tem- 
perature gradient is very high and difficult to estimate accu- 
rately. Moreover, the top sample point is above the top of the 
plate stack. For these reasons, the apparent values of E at z 
= 0 were not included in the data evaluation. It is important 
to recall that it is the density gradient which affects E,  not the 
temperature gradient. For the hot/cold water system, 

dp d T  dp 
dz dz dT 
_=_._ (9) 

The application of very low levels of mechanical agitation 
(triangles in Figure 5 )  leads to a considerable reduction in E,  
as much as 50% below the value in the absence of agitation. 
The variation of E with axial position shows the same trends. 
Intense mechanical agitation (squares in Figure 5) results in 
values of E that are intermediate between the values with zero 
and low agitation; clearly, E passes through a minimum value 
as agitation is increased from zero. This effect is discussed 
below after model development. Another interesting point is 
that under intense agitation, the axial variation of E is reduced 
considerably; the effects of the varying local density gradient 
on E are smaller under well-agitated conditions. 

Mixing length model in the absence of mechanical agi- 
tation 

Holmes et al. (1991) found that their results were consistent 

t 

t 
OO 50 100 

Axial position (-Z), cm 

Figure 5. Typical measured values of €for hotlcold water 
system. 
U=0.204 cm/s, h = 5 . 2  cm. For symbols, see Figure 3.  

with a simple model based on a characteristic mixing length P 
similar to that used by Baird and Rice (1975). 

For the special case of steady-state back-mixing with a system 
in which density was a linear function of concentration, it was 
shown that in the absence of agitation Eq. 10 led to the expres- 
sion: 

E = E, = i?4/3 ( UgAp/p ) ‘ I 3  

This type of equation was proposed originally by Baird and 
Rice (1975) for gas-liquid and liquid-liquid flow and has been 
found effective; P is about 0.45 times the column diameter in 
the absence of fixed intervals. The exponent 0.349 in Eq. 5 is 
close to the value 1/3 predicted above. The value of Pwas thus 
5.3 cm or about 70% of the column diameter (Holmes et al., 
1991). 

In the case of the hot/cold water system, Eq. 10 does not 
lead to Eq. 11 because the density of water is not a linear 
function of temperature. The relationship for nonlinear density 
dependence can be derived from Eqs. 8b, 9 and 10 by elimi- 
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Figure 6. Construction showing effective density dif- 
ference (Eq. 14). 

nating (dp/dz) and (dT/dz) to give: 

1/3 

E=e4I3 [ Ug( T -  T,) $p] 

In this equation, dp/dT is the local value at temperature T 
within the column. Thus, the effective local energy dissipation 
rate for the hot/cold water system is: 

This is analogous to Eq. 2 with 

The relationship between Apeff and the densitykemperature 
curve is shown by the construction on Figure 6. 

Figure 7 shows the measured values of E in the absence of 
agitation, plotted against eb which is calculated from Eq. 13 
for hot/cold water and from Eq. 11 in the case of salt solutions. 
Also shown is Eq. 11 based on the results of Holmes et al. 
(1991). In the latter case, the lowest value of Eb was 2 cm2/s3 
(or 2 X W/kg), whereas in the present work Eb was as low 
as 0.1 cm2/s3 W/kg). The scatter of data points reflects 
the difficulty of getting reproducible behavior at such low 
energy dissipation levels. However, the data do conform ap- 
proximately to the 1/3 power dependence on eb as expected 
from Eq. 11. The mixing length P in this work was approxi- 
mately 4 cm as compared to 5.3 cm for the data of Holmes 
et al. (1991). It is believed that this difference is due mainly 
to the differences of internal column diameter; 5.08 cm in this 
work and 7.62 cm for Holmes et al. (1991). The mixing lengths 
are 70% and 79% of the column diameter, respectively. 

Mixing length model with mechanical agitation 
When mechanical agitation is applied, the axial dispersion 

coefficient is expressed in terms of the mixing length and the 

I I I I I 

cm2/s E l  

2 t  

0.1 I 10 100 
Buoyant energy dissipation, cb ,  cm2/s3 

Figure 7. Effect of buoyant energy dissipation rate on 
axial dispersion coefficient in absence of ag- 
itation. 
Lines denote Eq. 11. 
- Holmes et al. (1991) with P = 5.3 cm, column diameter 
1.62 cm 
_ _ _ _  This work with P = 4.0 cm, column diameter 5.08 cm 
0 hot/cold water 0 salt solution 

total specific energy dissipation rate: 

where is given by Eq. 4. When Eq. 15 is combined with Eq. 
1 based on the data of Holmes et al. (1991), the following 
expression for P is obtained. 

where the unit of length is centimeter. This equation can be 
slightly adjusted with little loss of accuracy to give: 

This shows that the mixing length in the absence of agitation 
is 5.3 cm and that it decreases progressively as the level of 
agitation is increased, that is, as buoyant energy dissipation 
forms a smaller fraction of total energy dissipation. Holmes 
et al. (1991) explained this as a reduction in eddy size due to 
the action of the reciprocating plates. 

As discussed earlier, the above equation does not realistically 
describe the limiting case of Eb = 0. In this case, the mixing 
length will clearly not go to zero, although a very small value 
would be expected. It is proposed here that the mixing length 
varies between a low limit em (determined by mechanical energy 
dissipation) and an upper limit eb which is in the order of 70% 
to 80% of the column diameter. It is further proposed that 
the contributions of mechanical and buoyant energy to the 
mixing length are of the form: 
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Figure 8. Effect of energy ratio on mixing length. 
Lines represent Eq. 17 with Pm = 0.301 cm, f b  = 4.02 cm, and n 
= 0.34. 
0 hot/cold water 0 salt solution 

If Eq. 16b is applied to the case where Pm << t b ,  it would appear 
that the exponent is 0.40 according to the data of Holmes et 
al. (1991). 

The values of Pm, Pb and n have been obtained by analysis of 
120 data points from this work, both for hot/cold water and 
salt solutions. For an assumed value of n, the values of 1, and 
t b  were determined by linear regression and the error sum of 
squares was also calculated. The procedure was repeated with 
different values of the exponent n until the error sum of squares 
was minimized. The result of this analysis gave n = 0.34, Pm 
= 0.301 cm, and tb = 4.02 cm. The fitted function and the 
data are plotted in Figures 8a and 8b, with the latter being an 
enlarged view of the congested part of Figure 8a. As in the 
case of Figure 7, the data points are somewhat scattered, but 
the linear trend is clear. There is no significant difference 
between the results for hot/cold water and salt solutions. These 
experiments have indicated that Pm is an order of magnitude 
smaller than t b .  

Correlation for  axial dispersion coefficient 

In the limiting case of E,  = 0 and E (  = t b ,  this leads to Eq. 
11 which has been substantiated by Holmes et al. (1991) and 
in Figure 7 of this work. 

In the second limiting case of Eb = 0 and el := t,, 

I f  E,  is taken from Eq. 3 with the typical values of S = 0.57 
and C, = 0.6, then in the absence of buoyancy effects 

Equation 20 is consistent dimensionally. If we further take the 
present value of the mechanical mixing length as 0.301 cm, we 
obtain 

with length units in centimeter. Thus, for the *case h = 2.7 
cm, E = 0.49(Af). This is quite close to the results of Baird 
and Rama Rao (1988) who found thar in a 5.08-cm column 
with h = 2.7 cm, E = 0.55(Af) under single-phase flow con- 
ditions without any density gradient. 

The data of Holmes et al. (1991) have been compared with 
Eq. 18, using their value of Pb = 5.3 cm, and the value of Pm 
= 0.301 cm from this work. The plot o f  data was noticeably 
nonlinear, and there was no intercept value of $. However, 
at high agitation levels the calcium chloride concentration pro- 
files were very steep (Holmes et al., 1991) and the slopes were 
hard to measure accurately. Moreover, only 16 data points 
occur in the region where (Eb/Er)’ 34 < 0.2, whereas in this work 
(Figure 8b) that region is more thoroughly explored with 72 
data points. 

A direct comparison between some of the present data for 
E and the correlation (Eq. 18) is made iin Figure 9. In making 
such a comparison it is not possible to find many data points 
at a fixed value of Eb, since this variable could not be set 
independently. Therefore, two sets of data collected within 
certain ranges of Eb were compared with curves based on Eq. 
18 for the midpoint values of t b  in each case. Also shown in 
Figure 9 is the limiting case of E~ = 0 as represented by Eq. 
21. 

Enhancement of axial dispersion by buoyancy effects 
The sensitivity of axial dispersion coefficients t o  small buoy- 

ancy effects can be expressed as a ratio E/Em where Em is the 
value (Eq. 19) that would be expected in the absence of buoy- 
ancy. The enhancement due to buoyancy is found by dividing 
Eq. 18 by Eq. 19: 

With the further assumption that the buoyant energy dissi- 
pation is small, it can be stated that t l  = E, and Eq. 22a 

When Eqs. 15 and 17 are combined with n = 0.34, the simplifies to: 
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Figure 9. Effect of agitation on axial dispersion coef- 
ficient with buoyant energy dissipation as a 
parameter. 
Lines represent Eq. 18 with values of eb  as indicated (crn*/s'). 
h=5 .2  cm 

Range of c b  (crn'/s3): 1.0 to 1 .5  0.2 to 0.25 
Data point symbol: 0 0 

In this work, Em is given by Eq. 21 and the ratio of mixing 
lengths (tb/t,,,) is 13.3. Thus, Eq. 22b provides a simple relation 
between the enhancement of axial mixing and the ratio of 
energy dissipation rates, E d € , .  This function is compared with 
experimental data in Figure 10 for energy ratios up to 0.003. 
Despite the extremely small ratios of buoyant energy dissi- 
pation to mechanical energy dissipation, the enhancements are 
significant. The nonlinear nature of Eq. 22b indicates a steep 
initial increase of E as soon as E~ exceeds zero. This shows that 
in measuring E,  extreme care is needed to ensure that any 
tracer solutions used should be neutrally buoyant. 

Conclusions and Recommendations 
The steady-state measurements with hot and cold water and 

with salt solutions have confirmed the earlier conclusions of 
Holmes et al. (1991) that axial dispersion in reciprocating plate 
columns is increased significantly by unstable density gra- 
dients. This work has focused on the effects of very small 
density gradients, and the results suggest a dependence of the 
effective mixing length on the energy dissipation rates due to 
buoyancy and mechanical agitation, as given by Eq. 18. In the 
absence of mechanical agitation, the mixing length is large 
(about 70% of the column diameter), but it decreases rapidly 
as mechanical agitation is increased; therefore, the axial dis- 
persion coefficients go through a minimum (Figure 9). Under 
given conditions of mechanical agitation, the presence of even 
a very small density gradient can significantly increase axial 
dispersion. Figure 10 indicates that E can be doubled when 
the buoyant energy dissipation is only 0.0002 of the mechanical 
energy dissipation. 

In extraction columns where axial concentration gradients 
in the continuous phase lead to unstable density gradients 
(density increasing with height), increased axial mixing could 

€ /  

4 0 

' Ern 

3 

2 

I 

OO 2 0.001 0.002 0. 

Energy dissipation ratio, eb/em 
33 

Figure 10. Enhancement of axial dispersion by buoyant 
energy dissipation. 
Line represents Eq. 22b with P,,, = 0.301 cm, Pb = 4.02 cm 
0 hot/cold water 0 salt solution 

reduce the performance considerably. The effects of buoyancy 
are not restricted to reciprocating plate extraction columns; 
other types of open-structure extraction columns should there- 
fore also be studied. 
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Notation 
A =  

c, = 
c =  

E =  
E, = 
Em = 

f =  

e =  
P/) = 
em = 
n =  
s =  
T =  

TI = 
T2 = 
u =  

g =  
h =  

x =  
z =  

agitation stroke, cm 
concentration, g/mL 
orifice coefficient for perforated plates (taken as 0.6 in this 
work) 
axial dispersion coefficient, cm2. s-  I 
axial dispersion coefficient in absence of agitation, cm2.s-I 
axial dispersion coefficient in absence of buoyancy effects, 
cmz. s- I 

agitation frequency, rpm or Hz 
acceleration due to gravity, c r n . ~ - ~  
plate spacing, cm 
mixing length, cm 
mixing length due to buoyancy, cm 
mixing length due to mechanical agitation, cm 
exponent in Eq. 17 
plate fractional open area 
temperature, "C 
temperature at top of column, "C 
temperature of water at base of column, "C 
superficial velocity, cm's-l 
temperature difference ratio as defined in Eq. 6 
vertical distance (upward direction), cm 

Greek letters 
E~ = buoyant energy dissipation rate, W/kg or c ~ * . s - ~  

E ,  = mechanical energy dissipation rate, W/kg or cm2.s-3 
t, = total energy dissipation rate, W/kg or c m * . ~ - ~  

Ap = difference in density between continuous phase and pure 
water, g/mL 

ApCff = effective density difference (Eq. 14), g/mL 
p = liquid density, g/mL 
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